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I.  INTRODUCTION 

In  [1],  the  following  generalization  of  Ramsey  Theory  for  graphs 
was  introduced:  Let  c  and  d  be  two  integers  such  that  c  >  d  >^  1 .  Let  t 
denote  the  binomial  coefficient  l^j   .  Given  c  distinct  colors,  we  order 
the  t  subsets  of  d  colors  in  some  arbitrary  manner.  Let  G, ,  G?,  ...  ,  G. 
be  graphs.  The  d-chromatic  Ramsey  number,  denote  by  r  ,, (G, ,  G?,  ...  ,  G.), 
is  defined  to  be  the  least  number  p  such  that  if  the  edges  of  the  complete 
graph  K  are  colored  in  any  fashion  with  c  colors;  then  for  some  i  the  sub- 
graph  whose  edges  are  colored  with  i   subset  of  colors  contains  a  G. .  In 
[1],  the  case  c  =  3,  d  =  2,  G, ,  G?,  G~  being  complete  graphs  was  studied. 

In  this  paper  we  further  study  cases  where  G, ,  G2,  G~  are  stars  and  complete 

3 
graphs.  Thus,  for  instance,  r^K,  .,  K-,  .,  K,  )  denotes  the  smallest  p 

such  that  if  the  edges  of  the  complete  graph  K  are  colored  with  the  colors 

a,  6,  and  y.  there  is  either  an  a  -  6  K-,  .  or  an  a  -  y   K,  .  or  a  6  -  y   K 

in  the  graph  K  . 
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1  »  «.' 


1    +   J 


rio+j+ifl 


4  1  i  +  J;  i,j  both  even 

£  >  1  +  j;  i,j  not  both  even 

*  <  1  +  J;  d,j,a)  c  s 

*  <  i  +  j;  d,j,t)  4  s 


where  S  -  {(lj,*)|  T  +  j  +  e  ,  3  mod  4  and  not  all  i,  j,  g  are  odd 
Proof:   For  the  cases  l   >  i  +  j ,  we  have  [2]: 


r(Ri.i-ici.j,"{;;j'' 


if  i  ,j  are  both  even 
otherwise 


Therefore  by  Theorem  2.2: 


3,  fi  +  j  -  1   if  e  >  i  +  j  -  1,  and  i , j  are  both  even 

2  l»i'  l.j'  l,r   I1'  +  J      if  ^  1  i  +  j,  i,j  are  not  both  even 

For  cases  i  <   i  +  j,  we  establish  lower  bounds  by  giving  a  critical 

coloring  for  each  of  case  when  (k,j,0  E  S  and  (i,j,0  I   S. 


1/. 


For  the  case  of  i  +  j  +  i  =   3  mod  4,  we  consider  the  colorinq  of  K  , 

P 


P  =  2^1+J+£"3)-  Since  p  is  even,  according  to  Lemma  3.2,  we  can  decompose  K 
into  regular  graphs  Go§  Gp,  and  G  ,  whose  degrees  are  ^-(i+j-A-3),  i(i-j+£-l), 
and  -(-i+j+£-i),  respectively.  We  color  G  with  color  a,  GD  with  color  6, 
and  G  with  color  y.      It  is  easy  to  check  that  N  +  N  <  i,  N  +  N  <  i  and 

a     3       a     Y 

Na  +  N  <  i   at  each  vertex. 

p    Y 

For  the  case  of  (i,j,0  e  S,  we  consider  the  coloring  of  K  , 

1  P 

P  =  F 2"  C "" "*" J + a )~I  -  1.  There  are  4  subcases: 

Casejj  If  i  +  j  +  £  e  0  mod  4,  p  =  ^(i+j+a)  -  1  and  p  is  odd.  Let  a  = 

2"(i+J-0  -  1,  b  =  2-(i-j+0  -  1,  c  =  g-H+j+Jl)  -  1.  Since  a  +  b  +  c  =  l(i+j+Jl) 

-  3  which  is  odd,  either  one  or  all  of  a,  b,  and  c  are  odd.  There  are  2 

possibilities. 


Suppose  a  is  odd,  but  b  and  c  are  even.  We  decompose  K  into  regular 
qraphs  G  ,  G„,  G  of  even  degrees  N  =  a  +  1,  N  =  b,  and  N  =  c.  We  color  G 
with  color  a,  G  with  color  3,  and  G  with  color  y.     Similar  coloring  can  be 
made  if  either  b  or  c  is  odd. 

Suppose  a,  b,  and  c  are  all  odd.  We  first  consider  the  coloring  of 
a  complete  subgraph  K  ,  of  K  .  We  decompose  K  -,    into  regular  graph  G  ,  G 
and  G  of  degree  a,  b,  and  c  respectively.  G  is  then  colored  with  color  a, 
G  with  3,  and  G  with  y.     We  color  the  p  -  1  edges  that  connect  the  remain- 
ing vertex  to  the  other  vertices  in  the  following  fashion:  a  +  1  edges  are 
colored  with  a,   b  edges  with  3,  and  c  edges  with  r.  Since  at  each  vertex 

of  K  ,  either  N  =  a  +  1,  N  =  b,  N  =  c,  or  N  =  a,  N  =  b  +  1,  N  =  c,  or 

p         a  3       Y  a       3  Y 

N  =  a,  N  =  b,  N  =  c  +  1,  it  can  be  easily  checked  that  there  is  indeed  no 

a       3       Y 

a  -  3  K,  .,  nor  an  a  -  y   K,  . ,  nor  a  3  -  y  K,   . 

I  j  1  I  ,  J  I  ,  x. 

Case  2:  Suppose  i+j+£=lmod4,p=  ["^(i+J+Ol  =  i(i+J+jl"1)  and  is  even. 
We  decompose  K  into  regular  graphs  G  ,  G  ,  and  G  whose  degrees  are  «-(i+j-£-l ), 

oO-j+fc-l)  and  2"(-i+J+£-l )  ancl  which  are  then  colored  with  colors  a,  3,  and 
Y,  respectively. 

Case  3:  If  i  +  j  +  I   =  2  mod  4,  p  =  p-(i+j+£)  -  1  and  is  even.  We  decompose  K 
into  regular  graphs  G  ,  G  ,  and  G  whose  degrees  are  ~-(i+j-0>  -o(i-J+£-l)  and 

jK-i+j+Jl-1)  and  which  are  then  colored  with  colors  a,  3,  and  y   ^(-i+j+a-l )  > 

respectively. 

Case  4:  If  i  +  j  +  i   ~   3  mod  4  and  i,j>£  all  odd,  p  =  2"(1+J+£)  "  1  and 

is  odd.    We  decompose  K  into  regular  graphs  G  ,  G  ,  and  G  ,  whose  degrees 

are  ^(i+j-Ji-l ) ,  ^(i-j+n-l )  >  and  ^( -i  +j+ii-l ),  all  even,  and  which  are  then 

colored  with  colors  a,  3,  and  y»  respectively. 

We  next  show  that  for  (i,j,£)  e  S,  it  is  not  possible  to  color  a 
K  ,  p  =  Pp^  ( i+J+^)~l  -  1  that  does  not  contain  an  a  -  3  K,  . ,  or  an  a  -  y   K,  ., 


or  a  B  -  y   K,  „.   From  (3.1),  (3.2).  and  (3.3),  since  N  +  N  +  N  =  p  -  1  = 
1,2,  a    8    y 

i(i+j+£+l)  -  2,  we  must  have  N  >  tf-i+j+H-l),  N  >  ki-j+A-1)  and  N  > 

i(i+j-a-l)s  at  each  vertex.  But  since  N  +  N  +  N  =  2-(1'+J+£+1 )  _  2>  WG 

must  have  at  each  vertex,  N  =  l(+i+j-A-l)s  Nn  -  i(i-j+J£-l ) ,  N  =  o(-'i+J+,i-l )  • 

If  i  =  2n,  +  1,  j  =  2n?,  t  =   2n3  then  i  +  j  +  I   =  3  mod  4  implies  (n-j+n^+nj 

is  odd.  Therefore  N  is  also  odd.  Since  p  is  odd,  then  there  is  no  coloring 
for  G  . 


We  still  have  to  consider  the  case  when  i   =  i  +  j  and  both  i  and  j 
are  even.  Consider  coloring  a  K  ,  p  =  i  +  j  -  1.  Applying  the  above  argument, 

we  must  have  at  each  vertex  N  =  0,  N  =  9-(i-j+£.)  -  1  =  i  -  1,  and  N  =  ~- 

o.  p    c  y        c 

(-i+j+Jt)  -  1  =  j  -  1.  But  again  since  p  and  N  are  both  odd,  no  coloring  is 
possible.  □ 


I V .   RAMSEY  NUMBERS  FOR  STARS  AND  COMPLETE  GRAPHS 

Results  have  been  obtained  for  evaluating  exact  values  of  the 

3 
Ramsey  numbers  r0(K,  . ,  K.,  K.),  for  small  i  and  j.  Since  the  proofs 

c         1,1     J     I 

are  lengthy  and  involved,  they  will  not  be  included.  See  [3]  for  details 
Without  lost  of  generality,  we  assume  that  j  <  £.  The  results  are: 


Theorem  4.1 


r2(Kl,2'  Kj'  K£} 


r 


2j  -  1      £  >  2j  -  1 
2, 


r2(fV  Kj'  K*}  =\  I(j+£_1)     A  <  2J  -  1  and  j  +  £ 

2|"J^*]  -  1  otherwise 


=   1  (mod  3) 


Theorem  4.2; 


r2(Ki,3-  V  V  ■    2J 


Theorem  4.3: 


'=  2i  +  1 
=  2i 
r23(K1}i,  K3,  K£)^  =21  -  1 

1  %  +  1  -  2 

<  £  +  i  -  1 


£  >_  2i  +1 

i  =   2i 

i  <  £  <  2i  -  1 

£  <  i ,  i  even ,  £  odd 

otherwise 


Corollary  4.3.1 


r 


r2(Kl,4'  K3'  K£) 


£  =  3 

4  £  £  <_  7 

£  =  8 

£  >  9 
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